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Hawking radiation arising from the electromagnetic fields in the Kerr–Newman black
hole is studied exactly by using the Newman–Penrose formalism and the tortoise co-
ordinate. It is shown that the thermal radiation spectrum due to the photons in the
Kerr–Newman black hole does not depend on the spins of the particles, and the effect
is exactly same as that of the Klein–Gordon scalar particles.

Since Hawking’s original discovery (Hawking, 1975) of black hole ther-
mal radiance by using quantum field theory on a given classical background
spacetime, quantum thermal radiation of the black holes has been studied exten-
sively. The thermal effect of the Klein–Gordon scalar field in the Kerr–Newman
black hole is studied by Damour and Ruffini (1976), the NUT–Kerr–Newman
black hole by Ahmed (1987), the Vaidya–Schwarzschild–de-Sitter by Daiet al.
(1993), the Vaidya–Bouner by Dai and Zhao (1992), and the radiating, rotating
charged black hole by Jing and Wang (1996, 1997). The quantum thermal radi-
ation of the Dirac field in the Kerr black hole was investigated by Liu and Xu
(1980), the Kerr–Newman black hole by Zhao and Gui (1983), Kerr–Newman–
Kasuya by Ahmed and Mondal (1993). However, Liu and Xu (1980) and Zhao
and Gui (1983) found that the thermal radiation spectrum for the Dirac particles
is same as that of the Klein–Gordon particles only for the near extreme black
holes.

To best of our knowledge we know the thermal effect of the electromagnetic
field in the black hole spacetime has not been studied yet. Whether or not the
thermal effect of the electromagnetic field is same as that of Klein–Gordon field
is an interesting open question. The purpose of this paper is to investigate the
quantum thermal effect of the photons in the Kerr–Newman black hole spacetime.
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In this paper we first express the Maxwell equations of the Kerr–Newman
black hole in Newman–Penrose formalism. We then seek decoupled electromag-
netic equations, and after that we investigated quantum thermal effect of the pho-
tons by introducing the tortoise coordinate.

The metric of the Kerr–Newman black hole (Kerr, 1963; Newmanet al., 1965)
in Boyer–Lindquist coordinates is described by

gµν =


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(1)

with

6 = r 2+ a2 cos2 θ , 1r = (r − r+)(r − r−), (2)

wherer± = M ±
√

M2− Q2− a2, andr+, M, Q, anda represent the radius of
the event horizon, the mass, the charge, and the angular momentum per unit mass
of the black hole, respectively.

In order to express the Maxwell equations in the spacetime (1) in the Newman–
Penrose formalism, we choose the components of the null tetrad vectors as

lµ = 1

1r
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nµ = 1

26
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)
. (3)

The corresponding covariant quantities can be taken as

lµ = 1

1r
(1r ,−6, 0,−a1r sin2 θ ),

nµ = 1

26
(1r ,6, 0,−a1r sin2 θ ),
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mµ = − ρ̄√
2

(ia sinθ , 0,−6,−i (r 2+ a2) sinθ ),

m̄µ = − ρ√
2

(−ia sinθ , 0,−6, i (r 2+ a2) sinθ ), (4)

and the nonvanishing spin-coefficients are (Carmeli, 1982; Chandrasekhar, 1992)

ρ = − 1

r − ia cosθ
, β = − ρ̄ cotθ

2
√

2
,

π = iaρ2 sinθ√
2

, τ = − iaρρ̄ sinθ√
2

,

µ = −ρ
2ρ̄1r

2
, γ = µ+ ρρ̄(r − M)

2
, α = π − β̄, (5)

The tree independent complex tetrad components of the Maxwell tensorsFµν are
given by (Carmeli, 1982)

φ0 = Fµν l
µmν ,

φ1 = 1

2
Fµν(l

µnν + m̄µmν),

φ2 = Fµνm̄
µnν , (6)

Thus we get the Maxwell equations for the electromagnetic field in tetrad notation
(Carmeli, 1982)

Dφ1− δ̄φ0 = (π − 2α)φ0+ 2ρφ1− κφ2+ 2π J1,

δφ1−1φ0 = (µ− 2γ )φ0− 2τφ1− σφ2+ 2π J3,

Dφ2− δφ1 = −λφ0+ 2πφ1+ (ρ − 2ε)φ2+ 2π J4,

δφ2−1φ1 = −νφ0+ 2µφ1+ (τ − 2β)φ2+ 2π J2, (7)

where the intrinsic derivativesD = lµ∂µ, 1 = nµ∂µ, δ = mµ∂µ, δ̄ = m̄µ∂µ, and
the tetrad componentsJn of the four currentjµ are given byJn = jµZµn . For the
source free electromagnetic field in the Kerr–Newman black hole spacetime we
haveJn = 0.

By using the Maxwell equation (7) and the following commutation relation
(Carmeli, 1982)

[D − (p+ 1)ε + ε̄ + qρ − ρ̄](δ − pβ + qτ )

− [δ − (p+ 1)β − ᾱ + π̄ + qτ ](D − pε + qρ) = 0, (8)
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we obtain the decoupled equations

[(D − ε + ε̄ − 2ρ − ρ̄)(1+ µ− 2γ )

− (δ − β − ᾱ − 2τ + π̄ )(δ̄ + π − 2α)]φ0 = 0, (9)

[(1+ γ − γ̄ + 2µ+ µ̄)(D − ρ + 2ε)

− (δ̄ + α + β̄ + 2π − τ̄ )(δ − τ + 2β)]φ2 = 0, (10)

Substituting the intrinsic derivatives and the spin-coefficients (5) into the
decoupled equations (10), and letting

80 = φ0 = R+1(r )2+1(θ ) e−i (ωt−mϕ),

82 = 2φ2

ρ̄2 = R−1(r )2−1(θ ) e−i (ωt−mϕ), (11)

we obtain the separated equations

(1rD1D†1 − 2i Er )R+1(r ) = λR+1(r ),

(1rD†0D0+ 2i Er )R−1(r ) = λR−1(r ),

(L†0L1+ 2aE cosθ )2+1(θ ) = −λ2+1(θ ),

(L0L†1 + 2aE cosθ )2−1(θ ) = −λ2−1(θ ), (12)

with

Dn = ∂
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∂
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,
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∂θ
+ K2+ n cotθ ,

L†n =
∂

∂θ
− K2+ n cotθ. (13)

where K1 = (r 2+ a2)ω −ma and K2 = aω sinθ − m
sinθ . The Eq. (12) can be

explicitly expressed as

1r
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+
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1r
d2Rs

dr2
+
[
+4isr E + K 2

1

1r
− 2isK1(r − M)

1r
− λ

]
Rs = 0, (s= −1),
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(14)

We now introduce the tortoise coordinate in the Kerr–Newman black hole as

r∗ = r + 1

2κ
ln(r − r+) (15)

with

κ = r+ − r−
2(r 2+ + a2)

, (16)

whereκ is the surface gravity of the black hole. Then we have

d

dr
=
[
1+ 1

2κ(r − r+)

]
d

dr∗
,

d2

dr2
=
[
1+ 1

2κ(r − r+)

]2 d2

dr2∗
− 1

2κ(r − r+)2

d

dr2∗
, (17)

Substituting the new coordinate into Eq. (14) we know the radial quantities near
the event horizon can be expressed as

d2Rs

dr2∗
+ 2sκ

d Rs

dr∗
+ [(ω −ÄH m)2− 2isκ(ω −ÄH m)]Rs = 0, (s= ±1),

(18)

whereÄH = a
r 2+ +a2 is the angular velocity of the black hole. Solving Eq. (18)

exactly we find that both the radial functions for thes= ±1 particles are
given by

Rs(r∗) = Nω e±ikr∗ r∗ ,

kr∗ = (ω −ÄH m), (for s= ±1), (19)
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whereNω is an arbitrary integral constant. We know from above discussion that
the two linearly independent radial solutions for the photons can be written as

8in(v, r̂ ) = Nin e−iωv,

8out(v, r̂ ) = Nout e
−iωv e2iωr̂ , (20)

where

v = t + r̂ = t + 1

ω
(ω −ÄH m)r∗ (21)

is an advance Eddington–Finkelstein coordinate,8in(v, r̂ ) represents an incoming
wave and is an analytic function on the event horizon;8out(v, r̂ ), however, repre-
sents an outgoing wave and has a logarithmic singularity on the horizon. Near the
event horizon, noting the coordinater̂ tends to

r̂ ∼ 1

2κ
ln(r − r+), (22)

we have

8out(v, r̂ ) = Nout e
−iωv(r − r+)iω/κ . (23)

We now extend the outgoing wave outside the horizon to the region inside. Since
on the horizon the outgoing wave function is not analytic we cannot be extended
straightforwardly to the region inside. It must be continued analytically in the
complex plane by going around the event horizon. Thus inside the horizon, we get

8out(v, r̂ ) = Nout e
−iωv(r+ − r )iω/κ eπω/κ . (24)

We can generally rewrite the outgoing wave function for both inside and outside
region as

8out(v, r̂ ) = Nout{y(r − r+) e−iωv(r − r+)iω/κ

+ y(r+ − r ) e−iωv(r+ − r )iω/κ eπω/κ}, (25)

wherey(x) is a step function

y(x) =
{

1, x ≥ 0
0, x < 0.

(26)

According to the suggestion of Damour and Ruffini (1976) and Sannan (1988),
and by using the normalization condition, we have

N2
out =

0ω

exp(2πω/κ)− 1
= 0ω

exp[2πω/(κBT)] − 1
, (27)

with

T = κ

2πκB
, (28)
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where0ω is the transmission coefficient caused by the potential barrier in the
exterior gravitational field,kB the Boltzmann constant. The formula (27) is the main
result demonstrating the emission of a thermal spectrum of the electromagnetic
field in the Kerr–Newman black hole. The temperature of the thermal radiation is
given by (28).

To summary, we first express the Maxwell equations in the Kerr–Newman
black hole as the Newman–Penrose formalism and obtain the decouple equations.
Then we study the Hawking radiation of the Kerr–Newman black hole by solving
the electromagnetic field equations exactly in region near the event horizon with the
tortoise coordinate. We find that the quantum thermal radiation spectrum due to the
electromagnetic field in the Kerr–Newman black hole does not depend on the spins
of the particles, and the effect is exactly same as that arising from the Klein–Gordon
scalar field. The result is also valid for the electromagnetic fields in the Kerr black
hole, the Reissner–Nordstr¨om black hole, and the Schwarzschild black hole.
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